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Congruences on completely inverse AG∗∗-groupoids
Wieslaw A. Dudek and Roman S. Gigoń
Abstract. By a completely inverse AG∗∗-groupoid we mean an inverse AG∗∗-groupoid A satis-
fying the identity xx−1 = x−1x, where x−1 denotes a unique element of A such that x = (xx−1)x
and x−1 = (x−1x)x−1. We show that the set of all idempotents of such groupoid forms a semi-
lattice and the Green’s relations H,L,R,D and J coincide on A. The main result of this note
says that any completely inverse AG∗∗-groupoid meets the famous Lallement’s Lemma for regular
semigroups. Finally, we show that the Green’s relation H is both the least semilattice congruence
and the maximum idempotent-separating congruence on any completely inverse AG∗∗-groupoid.
1. Preliminaries
By an Abel-Grassmann’s groupoid (briefly an AG-groupoid) we shall mean any
groupoid which satisfies the identity
xy · z = zy · x. (1)
Such groupoid is also called a left almost semigroup (briefly an LA-semigroup) or
a left invertive groupoid (cf. [2], [3] or [5]). This structure is closely related to a
commutative semigroup, because if an AG-groupoid contains a right identity, then
it becomes a commutative monoid. Moreover, if an AG-groupoid A with a left zero
z is finite, then (under certain conditions) A\ {z} is a commutative group (cf. [6]).
One can easily check that in an arbitrary AG-groupoid A, the so-called medial
law is valid, that is, the equality
ab · cd = ac · bd (2)
holds for all a, b, c, d ∈ A.
Recall from [11] that an AG-band A is an AG-groupoid satisfying the identity
x2 = x. If in addition, ab = ba for all a, b ∈ A, then A is called an AG-semilattice.
Let A be an AG-groupoid and B ⊆ A. Denote the set of all idempotents of B
by EB, that is, EB = {b ∈ B : b2 = b}. From (2) follows that if EA 6= ∅, then
EAEA ⊆ EA, therefore, EA is an AG-band.
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Further, an AG-groupoid satisfying the identity
x · yz = y · xz (3)
is said to be an AG∗∗-groupoid. Every AG∗∗-groupoid is paramedial (cf. [1]), i.e.,
it satisfies the identity
ab · cd = db · ca. (4)
Notice that each AG-groupoid with a left identity is an AG∗∗-groupoid (see [1],
too). Furthermore, observe that if A is an AG∗∗-groupoid, then (4) implies that if
EA 6= ∅, then it is an AG-semilattice. Indeed, in this case EA is an AG-band and
ef = ee · ff = fe · fe = fe for all e, f ∈ EA. Moreover, for a, b ∈ A and e ∈ EA,
we have
e · ab = ee · ab = ea · eb = e(ea · b) = e(ba · e) = ba · ee = ba · e = ea · b,
that is,
e · ab = ea · b (5)
for all a, b ∈ A and e ∈ EA. Thus, as a consequence, we obtain
Proposition 1.1. The set of all idempotents of an AG∗∗-groupoid is either empty
or a semilattice.
We say that an AG-groupoid A with a left identity e is an AG-group if each of
its elements has a left inverse a′, that is, for every a ∈ A there exists a′ ∈ A such
that a′a = e. It is not difficult to see that such element a′ is uniquely determined
and aa′ = e. Therefore an AG-group has exactly one idempotent.
Let A be an arbitrary groupoid, a ∈ A. Denote by V (a) the set of all inverses
of a, that is,
V (a) = {a∗ ∈ A : a = aa∗ · a, a∗ = a∗a · a∗}.
An AG-groupoid A is called regular (in [1] it is called inverse) if V (a) 6= ∅ for all
a ∈ A. Note that AG-groups are of course regular AG-groupoids, but the class of
all regular AG-groupoids is vastly more extensive than the class of all AG-groups.
For example, every AG-band A is regular, since a = aa · a for all a ∈ A. In [1] it
has been proved that in any regular AG∗∗-groupoid A we have |V (a)| = 1 (a ∈ A),
so we call it an inverse AG∗∗-groupoid. In this case, we denote a unique inverse
of a ∈ A by a−1. Notice that (ab)−1 = a−1b−1 for all a, b ∈ A. Further, one can
prove that in an inverse AG∗∗-groupoid A, we have aa−1 = a−1a if and only if
aa−1, a−1a ∈ EA (cf. [1]).
Many authors studied various congruences on some special classes of AG∗∗-
groupoids and described the corresponding quotient algebras as semilattices of
some subgroupoids (see for example [1, 5, 7, 8, 9, 10]). Also, in [1, 9] the authors
studied congruences on inverse AG∗∗-groupoids satisfying the identity xx−1 =
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x−1x. We will be called such groupoids completely inverse AG∗∗-groupoids. A
simple example of such AG∗∗-groupoid is an AG-group. In the light of Proposition
1.1, the set of all idempotents of any completely inverse AG∗∗-groupoid forms a
semilattice.
A nonempty subset B of a groupoid A is called a left ideal of A if AB ⊆ B.
The notion of a right ideal is defined dually. Also, B is said to be an ideal of A if
it is both a left and right ideal of A. It is clear that for every a ∈ A there exists
the least left ideal of A containing the element a. Denote it by L(a). Dually, R(a)
is the least right ideal of A containing the element a. Finally, J(a) denotes the
least ideal of A containing a ∈ A.
In a similar way as in semigroup theory we define the Green’s equivalences on
an AG-groupoid A by putting:
aL b ⇐⇒ L(a) = L(b),
aR b ⇐⇒ R(a) = R(b),
aJ b ⇐⇒ J(a) = J(b),
H = L ∩R, D = L ∨R.
2. The main results
Let A be a completely inverse AG∗∗-groupoid. Then
a = (aa−1)a ∈ Aa
for every a ∈ A.
Proposition 2.1. Let A be a completely inverse AG∗∗-groupoid, a ∈ A. Then:
(a) aA = Aa;
(b) aA = L(a) = R(a) = J(a);
(c) H = L = R = D = J ;
(d) aA = (aa−1)A;
(e) aA = a−1A;
(f) eA = fA implies e = f for all e, f ∈ EA.
Proof. (a). Let b ∈ A. Then
ab = (aa−1)a · b = ba · aa−1 = ba · a−1a = aa · a−1b = (a−1b · a)a ∈ Aa.
Thus aA ⊆ Aa. Also,
ba = b · (aa−1)a = aa−1 · ba = ab · a−1a = ab · aa−1 = a(ab · a−1) ∈ aA,
so Aa ⊆ aA. Consequently, aA = Aa.
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(b). Obviously, it is sufficient to show that aA = Aa is an ideal of A. Let
x = ab ∈ aA and c ∈ A. Then we have cx = c(ab) = a(cb) ∈ aA and xc = (ab)c =
(cb)a ∈ Aa = aA.
(c). It follows from (b).
(d). Let b ∈ A. Then ab = (aa−1)a · b = ba · aa−1 ∈ A(aa−1) = (aa−1)A,
that is, aA ⊆ (aa−1)A. Furthermore, (aa−1)b = (ba−1)a ∈ Aa = aA. Thus
(aa−1)A ⊆ aA. Consequently, the condition (d) holds.
(e). By (d), aA = (aa−1)A = (a−1a)A = (a−1(a−1)−1)A = a−1A.
(f). Let e, f ∈ EA and eA = fA. Then e ∈ fA, that is, e = fa for some
a ∈ A. Hence fe = f(fa) = (ff)a (by Proposition 1.1), and so fe = e. Similarly,
ef = f . Since EA is a semilattice, e = f .
Corollary 2.2. Let A be a completely inverse AG∗∗-groupoid. Then each left ideal
of A is also a right ideal of A, and vice versa. In particular,
L ∩R = LR
for every (left) ideal L and every (right) ideal R.
Proof. Let L be a left ideal of A and l ∈ L. Then lA = Al ⊆ L. It follows that
L =
⋃
{lA : l ∈ L}.
Since each component lA of the above set-theoretic union is a right ideal of A,
then L is itself a right ideal of A. Similar arguments show that every right ideal of
A is a left ideal.
Clearly, LR ⊆ L∩R. Conversely, if a ∈ L∩R, then a = (aa−1)a ∈ LR. Hence
L ∩R = LR.
Let A be a completely inverse AG∗∗-groupoid. Denote by Ha the equivalence
H-class containing the element a ∈ A. We say that Ha ≤ Hb if and only if
aA ⊆ bA.
The following theorem is the main result of this paper.
Theorem 2.3. If ρ is a congruence on a completely inverse AG∗∗-groupoid A and
aρ ∈ EA/ρ (a ∈ A), then there exists e ∈ Eaρ such that He ≤ Ha.
Proof. Let ρ be a congruence on A, a ∈ A and aρa2. We know that there exists
x ∈ A such that a2 = a2x · a2, x = xa2 · x and a2x = xa2 ∈ EA. Notice that
a2x · aa = a(a2x · a) = a(xa2 · a) = a(aa2 · x) = aa2 · ax = a2 · a2x = a2 · xa2,
i.e., a2 = a2 · xa2. Put e = a ·xa. Then e ρ (a2 · xa2) = a2 ρ a. Hence e ∈ aρ. Also,
e2 = (a · xa)(a · xa) = a((a · xa) · xa) = a(ax · (xa · a)) = a(ax · a2x).
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Further,
ax · a2x = ax · xa2 = a2x · xa = xa2 · xa = (xa2 · x)a
by (5), since xa2 ∈ EA. Hence ax · a2x = xa. Consequently,
e2 = a · xa = e ∈ EA.
Thus, e ∈ Eaρ.
Finally, let b ∈ A. Then eb = (a · xa)b = (b · xa)a ∈ Aa = aA, therefore,
eA ⊆ aA, so He ≤ Ha.
We say that a congruence ρ on a groupoid A is idempotent-separating if eρf
implies that e = f for all e, f ∈ EA. Furthermore, ρ is a semilattice congruence
if A/ρ is a semilattice. Finally, A is said to be a semilattice A/ρ of AG-groups if
ρ is a semilattice congruence and every ρ-class of A is an AG-group.
Corollary 2.4. Let A be a completely inverse AG∗∗-groupoid. Then:
(a) H is the least semilattice congruence on A;
(b) H is the maximum idempotent-separating congruence on A;
(c) A is a semilattice A/H ∼= EA of AG-groups He (e ∈ EA).
Proof. (a). Let aA = bA and c, x ∈ A. Then x · ca = c · xa. On the other hand,
xa ∈ Aa = aA = bA = Ab,
i.e., xa = yb, where b ∈ A, so x · ca = c · yb = y · cb ∈ A(cb). Thus A(ca) ⊆ A(cb).
By symmetry, we conclude that A(ca) = A(cb). Moreover, a = yb for some y ∈ A.
Hence ac · x = xc · a = xc · yb = bc · yx ∈ (bc)A. Thus (ac)A ⊆ (bc)A. In a similar
way we can obtain the converse inclusion, so (ac)A = (bc)A. Consequently, H is
a congruence (by Proposition 2.1 (b)). In the light of Proposition 2.1 (d), every
H-class contains an idempotent of A. This implies that A/H is a semilattice, that
is, H is a semilattice congruence on A.
Suppose that there is a semilattice congruence ρ on A such that H * ρ.
Then the relation H ∩ ρ is a semilattice congruence which is properly contained
in H, and so not every (H ∩ ρ)-class contains an idempotent of A, since each H-
class contains exactly one idempotent (Proposition 2.1 (f)), a contradiction with
Theorem 2.3. Consequently, H must be the least semilattice congruence on A.
(b). By (a) and Proposition 2.1 (f), H is an idempotent-separating congruence
on A. On the other hand, if ρ is an idempotent-separating congruence on A and
(a, b) ∈ ρ, then (a−1, b−1) ∈ ρ, so (aa−1, bb−1) ∈ ρ. Hence aa−1 = bb−1. Let
x ∈ A. Then
xa = x(aa−1 · a) = x(bb−1 · a) = bb−1 · xa = (xa · b−1)b ∈ Ab.
Thus Aa ⊆ Ab. By symmetry, we conclude that Aa = Ab. Consequently, aH b
(Proposition 2.1 (b)), that is, ρ ⊆ H, as required.
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(c). We show that every H-class of A is an AG-group. In view of the above and
Proposition 2.1 (d), (e), each H-class is an AG∗∗-groupoid. Consider an arbitrary
H-class He (e ∈ EA). Let a ∈ He. Then aa−1 ∈ He. Hence aa−1 = e and so
ea = a, that is, e is a left identity of He. Since a−1a = e and a−1 ∈ He, then He is
an AG-group. Obviously, A/H ∼= EA. Consequently, A is a semilattice A/H ∼= EA
of AG-groups He (e ∈ EA).
We say that an ideal K of a groupoid A is the kernel of A if K is contained in
every ideal of A. If in addition, K is an AG-group, then it is called the AG-group
kernel of A. Finally, a congruence ρ on A is said to be an AG-group congruence if
A/ρ is an AG-group.
Corollary 2.5. Let A be a completely inverse AG∗∗-groupoid. If e is a zero of
EA, then He = eA is the AG-group kernel of A and the map ϕ : A→ eA given by
aϕ = ea (a ∈ A) is an epimorphism such that xϕ = x for all x ∈ eA.
Proof. Obviously, He ⊆ eA. Conversely, if x = ea ∈ eA, then
xx−1 = ea · ea−1 = ee · aa−1 = e.
In a view of Proposition 2.1 (d), x ∈ He. Consequently, He = eA. If I is an ideal
of A, then clearly EI 6= ∅. Let i ∈ EI . Then e = ei ∈ EI . Hence a = ea ∈ I
for all a ∈ He, so He ⊆ I. Thus He = eA is the AG-group kernel of A. Also,
for all a, b ∈ A, (aϕ)(bϕ) = (ea)(eb) = (ee)(ab) = e(ab) = (ab)ϕ, i.e., ϕ is a
homomorphism of A into eA. Evidently, ϕ is surjective. Finally, ϕ|eA = 1eA (by
Proposition 1.1).
Corollary 2.6. Let A be a completely inverse AG∗∗-groupoid. If e is a zero of EA,
then
σ = {(a, b) ∈ A×A : ea = eb}
is the least AG-group congruence on A and A/σ ∼= He.
Proof. It is clear that σ is an AG-group congruence on A induced by ϕ (defined
in the previous corollary). If ρ is also an AG-group congruence on A and a σ b,
then (eρ)(aρ) = (eρ)(bρ). By cancellation, a ρ b and so σ ⊆ ρ. Obviously, A/σ ∼=
He.
Remark 2.7. Let I be an ideal of a completely inverse AG∗∗-groupoid A. The
relation ρI = (I × I) ∪ 1A is a congruence on A. If e is a zero of EA, then He
is an ideal of A and σ ∩ ρHe = 1A. It follows that A is a subdirect product
of the group He and the completely inverse AG∗∗-groupoid A/He. Note that we
may think about A/He as a groupoid B = (A \ He) ∪ {e} with zero e, where all
products ab ∈ He are equal e. In fact, fg = e in A (f, g ∈ EA) if and only if
HfHg ⊆ {e} = He in B.
Obviously, in any finite completely inverse AG∗∗-groupoid A, the semilattice
EA has a zero.
Congruences on completely inverse AG∗∗-groupoids 209
References
[1] M. Božinović, P.V. Protić and N. Stevanović, Kernel normal system of inverse
AG
∗∗-groupoids, Quasigroups and Related Systems 17 (2009), 1− 8.
[2] P. Holgate, Groupoids satisfying a simple invertive law, Math. Student 61 (1992),
101− 104.
[3] M. Kazim and M. Naseeruddin, On almost semigroups, Alig. Bull. Math. 2
(1972), 1− 7.
[4] G. Lallement, Congruences et équivalences de Green sur un demi-groupe régulier,
C. R. Acad. Sci. Paris 262A (1966), 613− 616.
[5] Q. Mushtaq and Q. Iqbal, Decomposition of a locally associative LA-semigroup,
Semigroup Forum 41 (1990), 155− 164.
[6] Q. Mushtaq and M.S. Kamran, Finite AG-groupoid with left identity and left
zero, Int. J. Math. Math. Sci. 27 (2001), 387− 389.
[7] Q. Mushtaq and M. Khan, Decomposition of a locally associative AG∗∗-groupoid,
Adv. Algebra Anal. 1 (2006), 115− 122.
[8] Q. Mushtaq and M. Khan, Semilattice decomposition of locally associative AG∗∗-
groupoids, Algebra Colloq. 16 (2009), 17− 22.
[9] P.V. Protić, Congruences on an inverse AG∗∗-groupoid via the natural partial
order, Quasigroups and Related Systems 17 (2009), 283− 290.
[10] P.V. Protić and M. Božinović, Some congruences on an AG∗∗-groupoid, Filomat
(Niš) 9 (1995), 879− 886.
[11] P.V. Protić and N. Stevanović, Abel-Grassmann’s bands, Quasigroups and Re-
lated Systems 11 (2004), 95− 101.
Received August 29, 2012
Institute of Mathematics and Computer Science
Wroclaw University of Technology
Wyb. Wyspianskiego 27
50 − 370 Wroclaw
Poland
E-mails: wieslaw.dudek@pwr.wroc.pl, romekgigon@tlen.pl
